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Anisotropic Random Walks and Asymptotically
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Asymptotically one-dimensional diffusion processes are studied on the class of
fractals called abc-gaskets. The class is a set of certain variants of the Sierpinski
gasket containing infinitely many fractals without any nondegenerate fixed point
of renormalization maps. While the “standard” method of constructing diffu-
sions on the Sierpinski gasket and on nested fractals relies on the existence of
a nondegenerate fixed point and hence it is not applicable to all abc-gaskets, the
asymptotically one-dimensional diffusion is constructed on any abc-gasket by
means of an unstable degenerate fixed point. To this end, the generating func-
tions for numbers of steps of anisotropic random walks on the abc-gaskets are
analyzed, along the line of the authors’ previous studies. In addition, a general
stategy of handling random walk sequences with more than one parameter for
the construction of asymptotically one-dimensional diffusion is proposed.

KEY WORDS: Diffusion process; random walk; finitely ramified fractal;
branching process; renormalization group.

1. INTRODUCTION

The purpose of this paper is to describe the essential part of the construc-
tion of asymptotically one-dimensional diffusions on the class of fractals
called abc-gaskets,'® according to the program of ref. 9. Our conclusion is
Theorem 2.2. The result was announced in ref. 9 without proof.

A diffusion process on a fractal G can be viewed as a “continuum
limit” of random walks on appropriate lattices on G by the following pro-
cedure: firstly choose lattices Gy, NeN, on G so that G, monotonically
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“converges” to G: G, = G, < --- — G; Secondly consider a random walk on
each G satisfying the “consistency condition” (see (2.5) and (2.6)) which
states that the random walk on G is a coarse-grained walk of the random
walk on G, ,; and then show the “convergence” of the sequence of
random walks to a stochastic process on G called a diffusion process. In
this procedure, the renormalization map plays an essential role, which
yields the consistency condition between random walks on successive lat-
tices Gy and Gy .

Our interest is diffusion processes on fractals. Standard constructions
of diffusion processes on finitely ramified fractals, such as the Sierpinski
gasket">* or the nested fractals,!”’ are essentially based on the existence
of non-degenerate fixed points of renormalization maps (for the termi-
nology, see Section 2). At first sight, the standard method might seem to be
generalized to any simple variants of the Sierpinski gasket. In fact there are
many examples of finitely ramified fractals that do not admit the standard
construction of diffusion processes because of the absence of non-
degenerate fixed points. Such examples are found in the class of abc-gaskets
introduced in ref. 8.

In this paper, we study a quite different type of diffusion processes on abc-
gaskets called asymptotically one-dimensional diffusions based on the exist-
ence of unstable degenerate fixed points of renormalization maps (for the ter-
minology, see Section 2). This concept was introduced in refs. 9 and 10 for the
diffusion on Sierpinski gasket, and generalized for scale-irregular fractals,!”’
and pursued on Sierpinski carpet in the context of resistor networks.>?

In what follows, we study the asymptotically one-dimensional diffusions
on abc-gaskets along the line of ref. 9 where this work was announced.

After this work was completed, there appeared the following works
related to the same problems. Firstly, general convergence results for
branching processes were given in ref 11, which would substitute the
results in ref 10 (and perhaps may even simplify some arguments in
Section 4). Secondly, an alternative construction of the asymptotically one-
dimensional (lower dimensional) diffusions on a subclass of nested fractals
was studied® by means of a general theory which relates the construction
of diffusion processes to that of Dirichlet forms.(®'®!%!3 Although their
class of fractals does not cover all the abc-gaskets, some detailed
asymptotic estimates on the heat kernels p/(x, x) are obtained and the
homogenization problems are considered. Their work,® based on the
theory of Dirichlet forms, would simplify the analysis of F in Proposi-
tion 4.2 below and substitute the argument using the theory of branching
processes. See also remarks at the end of Section 4. Finally, we notice that
a characterization of asymptotically one-dimensional diffusions on the
Sierpinski gasket by the exit distributions was given in ref. 18.
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This paper is organized as follows. In Section 2, we give the definition
of abc-gaskets, formulate the problem, and state the result. The proof is
given in the subsequent sections. In Section 3, we give the condition that
a degenerate fixed point of the renormalization map is unstable and
choose a sequence of anisotropic random walks on abc-gaskets keeping the
consistency which guarantees the construction of the asymptotically one-
dimensional diffusion. In Section 4, we give the estimate on the generating
function for numbers of steps of anisotropic random walks on the abc-
gaskets that are sufficient for the construction of the asymptotically one-
dimensional diffusion along the line of ref. 9. The algebraic part of our
proof of Proposition 4.2 is computer-aided because of the routine of rather
lengthy calculations. In Appendix, a general strategy for the choice of
sequence of random walks with a multi-parameter are given and an open
problem is proposed.

2. MODEL AND RESULTS

The abc -Gaskets

The abc-gasket was introduced in ref. 8 (by an intrinsic definition).
Here we will give another, intuitive, definition. Let us place, on a plane, a
triangle A4, whose sides are of unit length. Let @, b, and ¢ be positive
integers, and put a + b + ¢ smaller triangles 4,, i=1,2,..,a+b+cin 4, as
in Fig. 1, so that each 4, shares one or two sides in common with 4,
and that no two small triangles have points in common except possibly
for the vertices on the edges of 4,. The small triangles are numbered so
that the triangles 4,, i=1,2,.., a+ 1, have their horizontal edges on the
horizontal edge of 4,; the triangles 4,, i=a+1, a+2,.,a+b+1, have
their right edges on the right edge of 4,; the triangles 4,, i=a+b+1,
a+b+2,..,a+b+c, 1, have their left edges on the left edge of 4,. The
sizes of the triangles are irrelevant for our subsequent discussion.

Next, consider the affine map ¢,, i=1,2,.., a+ b +¢, which respec-
tively maps 4, onto 4,. We extend ¢, to the whole plane as an affine map
denote it by the same symbol ¢,. We denote the inverse of the map by
@' Let Hy=4,, as the union of three line segments, and define &, ,,
n=1,2,.., inductively by

- a+b+ec -
Hn+1=¢f”1< U ¢,-°</>T(Hn)>, n=0,1,2,. 21

i=1

and define #_ = H,.
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c+1 b+1

a+1

Fig. 1. The block of pre-abc-gasket with a=2, b=4, ¢=3.

Note that, by definition, A, H, < H,< --.. Figures of first two
constructions A, and H, are given in Figs. 1 and 2, respectively. As n is
increased, the figure H, extends outwards, with the smallest structure being
fixed (the scales of Fig. | and of 2 are different). The role of ¢, playing special
part in (2.1) means that H, extends in the right (and upward) direction,
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and that the left vertex of 4, remains as the leftmost vertex of H, for
all n, hence it is also the leftmost vertex of A_,, which we denote by O. All
the vertices of A, except O have four neighbor points. (By a neighbor
point we mean a vertex connected by a line segment.) We can let O also
have four neighbor points by defining A’, analogously; A’ =\, A,
where H' is defined recursively by

a+b+c

ﬁ;+1=¢afll< U cp,wzH(H,,)), n=0,1,2.  (22)

i=1

The rightmost vertex of A, for all n is the same, which we denote by O’
A pre-abc-gasket (of scale N) H, is then defined by

Hy=9{(H.,) 0 T(p}, (H.)) (23)

where T denotes a translation on the plane such that 7(0O') = O. (Actually,
this procedure of doubling the figure makes all the vertices including O
have similar structures of the two smallest blocks containing the vertex. We
do this for technical simplicity in the analysis of random walks.) We denote
the vertices of H, by G,.

The abc-gasket G is defined to be the closure of {2, H,. (We take
the closure so that the abc-gasket become a complete metric space.) G has
infinitely small structures, whereas H, has a non-zero smallest structure
(specified by the scale N). Each smallest scale triangle of H, to the right
of O has a representation @ "o, o,  o---o@,(4,), for some non-
negative integer n and a set of positive integers i,---i,, and a similar
representation also for the smallest scale triangles to the left of O. We call
an intersection of the abc-gasket G and the interior of one of such triangles
a block of scale N.

In case of a=b=c=1 the above construction coincides with that of
the Sierpinski gasket.

Random Walk on the Pre-abc -Gasket

We consider random walks with nearest neighbor jumps on H,.
Probability laws of random walks on H,, are specified by assigning transi-
tion probabilities to each bond (edge) of H,,.

To this end, we first assign a conductivity g(b) to a non-oriented bond
b as follows. Let #7 and { be positive constants. If » is a horizontal bond,
g(b)=1. If b is a bond connecting upper left and lower right vertices,
g(b)=n. If b 1s a bond connecting upper right and lower left vertices,
g(b)={. Next we define a relative probability j(b) of transition along a
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Fig. 3. We classify vertices of a pre-abc gasket into 6 groups 4, B, C, D, E, and F according
to the possible directions of transitions from each vertex. We refer to the possible directions
by the symbols p, ¢, r, and s.
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directed bond b to be g(b), where b denotes a bond » with direction. Lastly
we normalize the j(b) and obtain a transition probability p(b) so that the
sum of p(b)’s for directed bonds b emerging from a vertex is equal to 1.
The constants # and { parametrize the anisotropy between horizontal and
off-horizontal directions.

For convenience’ sake, we classify all the vertices of pre-abc-gasket H,
into 6 groups: types 4, B, C, D, E, and F, respectively, according to the
possible directions of bonds emerging from each vertex. (See Fig.2 and
Fig. 3.) In Fig. 2, examples are shown for vertices belonging to the six
groups 4, B, C, D, E, and F, respectively. As is shown in Fig. 3, a vertex
of 4, B, or C type has four bonds, of which directions are referred to as
P, q, r, and s, respectively, while a vertex of D, E, or F type has two bonds
(e.g., the directions of the two bonds emerging from a vertex of D type are
referred to as p, ¢.) As a result, all the directed bonds of the pre-abc-gasket
are classified into 18 types which we denote by 4, 4,.,..., F,, respectively.
The transition probabilities assigned to them are shown in Table I. If a =1,
the type D does not exist. For simplicity, we assume a>1, b>1, and ¢> 1.
(A reader who is interested in the case a=1 etc. should neglect irrelevant
statements and formulae below.)

The Renormalization Map

We next consider the consistency condition between random walks on
H, and on H, Let us fix a vertex of H,_, and cut the block(s) of H,

n—1-

to which the vertex velongs. To be specific, we assume that the vertex is of
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Table . Transition Probabilities

P q r s
A n/2+n+0) 2+n+0) 1/2+n+¢) (2+n+()
B n/(L+2n+0) A +2n+0) 1/(1+24+¢) n/(L+2n4{)
C #/(1 +57+20) A +7+20) 1/(1+9+20) /(1 +7+20)
D 7f(n+0) {/n+8) 0 ]
E 0 1+ (1+0) 0
F n/(1+n) 0 1/(1+7) 0

the type A. The vertex A belongs to two blocks (Fig. 4). We denote the
union of these blocks by K and the vertices of H, _, contained in K by 4,
A4,, A, A, and 4. Let Q(4,1), t=p, q, 1, 5, be the set of all walks on K
starting at the vertex 4 with reaching to any one of the vertices 4,,, 4/, 4,
and A’ before the end at A4). Similarly we define the set (X, f) of walks
for X=B, C,.., F, and for t = p, g, r, 5, such that bonds of X, type exist. Put

QX)= \J QX 1), X=A4,B..F (2.4)

t=p,g,r.s

We assign a probability to each walk in 2(X) by making a product of the
transition probabilities set in Table I. The probability measure on Q(X)
defined as above is denoted by Py, ..

Proposition 2.1. Let X=A4,B,.., F, and let t=p, g, r, 5, such that
bonds of X, type exist. The probability Py, (Q(X, t)) is equal to the trans-
ition probability assigned to X, given by Table I with # and { replaced by

(ac+a+c)n*+(ac+a+bynl+(ac+b+c)y+acl

Y(n,{)= X0 0) (2.5)
Zn. 0) =(ab+a+b) §2+(ab+c;—(kﬂc)ci)7c+(ab +b+c){+abn (26)

respectively, where
X(n,{)=benl +(bc+a+c)n+(bc+a+by{+bc+b+c

The proof of this proposition will be sketched in Section 4. We call the set
of Egs. (2.5) and (2.6), the renormalization map.

822/88/1-2-8
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A random walk on the lattice H, with (%, {) = (9, {») in Table I and
a random walk on the coarser lattice H,_; with (#,{)=(ny_,,{x_,) are
consistent (i.e., the latter is a coarse-grained walk of the former), if the
following relations hold:

Iv_1=Y(nn, {y) (2.7)
{vo1=Z(nn, ¢N) (2.8)

From Random Walks to Diffusion

In order to obtain a diffusion on the abc-gasket G, we must take the
limit N — oo of a consistent sequence of random walks on H, satisfying
(2.7) and (2.8). The simplest choice of the random walks is to put
(ns vy =1y, L4), NeN, where (5,,{,) is a fixed point of the renor-
malization map (2.5)—(2.6). The standard method to construct a diffusion
on Sierpinski gasket or a nested fractal belongs to this picture, where the
fixed point is assumed to be non-degenerate, i.c.

N4> C €(0, 00) (2.9)
Note that, if the fixed point is degenerate, namely
Ne=C0s=0, or p,<{, =00, or { ,<y,=w (2.10)

holds, the random walker can move in only one direction and hence, a
sample path of the resulting diffusion is almost surely bound in a single
line.

Asymptotically One-Dimensional Diffusion

As a shown in Proposition 3.1, the renormalization map (2.5)-(2.6)
has a non-degenerate fixed point, if and only if

a'<b'+c7, b l<cel+al,  c'<a'+b' (211)

hold. Therefore, for abc-gaskets without (2.11), the standard method fails
to construct non-degenerate diffusions. Including such cases, we can con-
struct a quite different type of diffusion on any abc-gasket which we call an
asymptotically one-dimensional diffusion.

In Proposition 3.2 we show that there exists a trajectory (ny,{y),
NeN, of renormalization map satisfying

fn.Cv>0, NeN (2.12)
Jim (17, {y) = (0, 0) (2.13)
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if
a'<b et (2.14)

holds. (Note that the direction of increasing N is the inverse direction of
the renormalization map.) The conditions (2.12) and (2.13) imply that the
degenerate fixed point (0, 0) of the renormalization map (2.5)-(2.6) is
unstable. The asymptotically one-dimensional diffusion process is con-
structed as the limit of random walks on H, with (,{)=(ny,{y) in
Table L.

We state our main result of the present paper.

Theorem 2.2. Under the assumption (2.14), there exists a con-
tinuous, non-constant, non-degenerate strong Markov process X,, >0 on
the abc-gasket such that

(1) X, is symmetric with respect to the Haussdorff measure which
assigns mass (@ + b+ c) ™" to each block of scale N,

(2) the transition semigroup P, defined by P,f(x)=E*f(X,) maps
the space of bounded continuous functions into itself;

(3) X, is a weak limit of a sequence of random walks on H,,
N=1,2,3,.., with transition probabilities given by Table I with
(7, O)={(nn, () satistying (2.12) and (2.13) and with the time
unit [(@+b)a+b+c)]™" (ie, the time between succesive
jumps on H ).

We call the resulting process X, in Theorem 2.2 the asymptotically one-
dimensional diffusion process.

Remark. (1) Actual choices of 5, and {, are given in Proposi-
tion 3.2. The choice of the Haussdorff measure is a natural extension of that
for Sierpinski gasket [ref 4, Lemma 1.1].

(2) The assumption (2.14) guarantees that the degenerate fixed point
(0, 0) of the renormalization map (2.5)-(2.6) becomes unstable. In case
(2.14) fails, then either 5~ '<c '+a~'orc ' <a '+ 57" hold, so that at
least one of the degenerate fixed points is always unstable, and by rotating
the figure by 120° (or 240°, respectively), we can repeat the arguments in
this paper to construct the diffusion process for any choice of a, b, c.

(3) Onme way to describe the asymptotically one-dimensional diffu-
sion is as follows. Suppose that we are given a degenerate diffusion process
on an abc-gasket. Let us perturb this situation by giving infinitesimal
probabilities for off-horizontal jumps in a microscopic scale. Then we have
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two possibilities: either the perturbative effect survices or vanishes in the
macroscopic scale accoding to whether the degenerate fixed point of the
renormalization map is unstable or stable. The asymptotically one-dimen-
sional diffusion belongs to the former picture.

(4) From the above theorem, we observe the tendency that the
extreme anisotropy in the microscopic scale disappears in the macroscopic
scale and the isotropy is gradually restored."®:**”!¥ This phenomenon is
not observed on regular spaces such as Euclidean spaces and smooth
manifolds. It will be a special feature of fractal spaces of which mechanism
may be clarified in an appropriate general framework. For a sketch of the
mechanism of this phenomenon, see ref. 2.

3. TRANSITION PROBABILITIES
Fixed Points
Let us study fixed points of the renormalization map (2.5)—(2.6):

n=Ymn{, (=Z@xn/) (3.1)

It is convenient to consider the homogeneous equations corresponding to
(2.5) and (2.6):

X(En ) =bc(E+n)(E+0)+0¢ (3.2)
Y&, n, O =caln+En+{)+0n (3.3)
Z(&,n, ) =ab({+ENL+n)+ 6 (34)
where
O=an+)+ b+ E)+c(E+n) (3.5)
Note that
Y 1, , Z 13 ’
Yo, C)=X((TZ%, 2. ) =ﬁ3—% (36)

Then the fixed point Eq. (3.1) is written as

¢im:{=X(¢ 1, O: Y(&n,0): Z(¢n,0) (3.7)
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This has trivial solutions
E:n:{=1:0;0,0:1:0,0:0:1 (3.8)

which give degenerate random walks.

Proposition 3.1. The necessary and sufficient condition that (3.7)
has a nontrivial (positive) solution is

a~l<b '+c7Y, bl<el'+al, c¢l'<a'+b7! (39
Moreover the nontrivial solution is given by

1 1 1

SUHES A i b el gl_p e Vg b !

(3.10)

We omit the proof because it is easy and the result is not used later. It is
also an easy exercise to show that the above nontrivial solution is a stable
fixed point.

On the other hand, the trivial fixed points (3.8) may be stable or
unstable. In fact, the proof of Proposition 3.2 below implies that the solu-
tion &:4:{=1:0:0 to (3.7), ie.,, the solution (#,{)=(0,0) to (3.1) is
unstable if

a='<b 4! (3.11)

Trajectory Emerging from Unstable Degenerate Fixed Point

In what follows, we assume (3.11) without loss of generality, since at
least one of the inequalities of (3.9} must hold.

Proposition 3.2. There exists two sequences #, and {,, n=
1, 2, 3,..., of positive numbers which satisfy

Ho1=Y(n,, L), n=1,2,. (3.12)
(uo1=2Z(n,,,), n=1,2,. (3.13)
Cio7"<n,<Cy07", n=1,2,.. (3.14)

Cid—n<(,<Cid~" n=12,.. (3.15)
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Proof. Fixing NeZ ,_, we consider sequences {,?;M |0<n<N} and
(™M1 0<n< N satisfying

M, = Y™, (M, n=N,N—1,.2,1 (3.16)
(M =Z(g™ (M), p=N,N—1,.,2,1 (3.17)

and define random walks on H, with transition probabilities given by
Table I with # =7 and { ={!". The recursion relations (3.16) and (3.17)
are viewed as the consistency condition of probability laws of random
walks on H, and on H, _,, which imply that the random walks on H,, are

obtained by neglecting the fine structure of those on H,,, m > n.

Put
(a+1)}b+c¢)
0=———"—" .
bc+b+c (3.18)
Then, (3.11) implies ¢ > 1.
Choose the initial values
7 =co "k (3.19)
 =b0""k (3.20)

for the recursion (3.16) and (3.17), where « is an arbitrary positive number
independent of N.

Since 6 > 1, 7Y and (" are sufficiently small when N is large. On the

other hand, if # and { are sufficiently small, (2.5) and (2.6) are written as

B-e0)Gag)  om
where

R

1 <ac+b+c ac > (322)

Thetb+e ab ab+b+c
and the functions Y(#, {) and Z(#, {) obey the bounds

| ¥(n, O)l < Cs(n* + (%)
|Z(n, {)] < Co(n* + %)
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for some constants independent of # and {. Note that the matrix R has
eigenvalues o(>1) and (b + c)/(bc+b + ¢)( <1), with eigenvectors (§) and
(1)), respectively.

Then it is a routine work to show that the limits

n,= lim y» (3.23)
N> o0

{,= lim (™ (3.24)
N> o©

exist and satisfy (3.12), (3.13), (3.14), (3.15) in Proposition 3.2. ||

In the next section, we study the sequence of random walks on H,,,
n=1,2,3,.. with transition probabilities given by TableI with (g, )=

(M5 C.)-

4. HITTING TIMES

In our construction of the asymptotically one-dimensional diffusion
process, the multi-distributions of numbers of steps of the random walks
play the key role as is seen from the arguments for the Sierpinski gasket in
[ref. 9, Section 2]. To this end, we analyze the generating functions for the
numbers of steps of random walks on pre-abc-gaskets. A limit theorem
related to the discrete-time multi-type non-stationary branching pro-
cesses''? is then applied, which, with arguments in ref. 9, proves the exist-
ence of the asymptotically one-dimensional diffusions on the abc-gaskets.
See ref. 9 for details on the actual construction of the process.

Generating Functions

We consider a random walk on H, with transition probabilities given
by Table I with # =#, and { ={, where 5, and {, are defined in Proposi-
tion 3.2. In order to see the behavior of the walks in the scale of H,, n < N,
we generalize the set (X, f) of walks in Section 3 as follows. Fix a vertex
Xe H, of the type 4 and denote the “adjacent” vertices of X in H, by 4,
Ay, A7, A] in an analogous way as in Fig. 4. In case (n, N) is (n— 1, n), the
situation is exactly the same as Fig. 4, but in general, the figure has a finer
structure. Let 2, (X, t), t=p, q, 1, 5, be the set of all walks starting at the
vertex X without reaching to any one of the vertices 4,, 4;, A7, and 4]
before the end at 47. Similarly we define the set 2, y(X, ) of walks for
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A A A

Fig. 4. The vertex Ae H, | belongs to two blocks of H,. We denote the vertices of H,_;
contained in the two blocks by 4, 4,,, 4}, 4;, and 4.

other types B, C, D, E, F of vertices X and for all directions t=p, q,r, s
such that bonds of X, type exist. In particular, XX, )=, _, (X, t). Put

Q.xX)= | Q.n(X.0), X=A,B..,F (4.1)

t=p,q.r,s
and set the probability P, y x on £, y(X) by assigning to bonds of H, the

transition probabilities given by Table I with # =#, and { ={. Then, the
probability

n% =P, v x(2, (X, 1)) (4.2)

is independent of N and is equal to the transition probability given by
Table I with p =7, and {={,. We put

II, = diag(nﬁ’p’,nj’q),..., n) (4.3)

where diag(«, B,..., 7) stands for the diagonal matrix with diagonal elements

o ..., 7.
Forawalk we Q, y(X)and for a set of 18 variables & = (il 4,, #14,---, %),
we use the following abbreviation

re — mylola, mlola ijlolr,
u —uAp nqu q~--uFr r (4-4)
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where |o|y is the number of passes of the walk w through bonds of X,
type. Then the generating function of numbers of steps is by definition

¢n,N,X,t(y) = H;l Z (I yu)®, U= (AA,,’ U gysees “F,) (4.5)

®e 2y N(X, 1)

and we write
D, n(U) = (D, N, (1), Py v, 4,45 Py (1)) (4.6)
Note that (3.12) and (3.13) imply
&, N(ITyT)=T1 (4.7)

where T denote the vector with all elements 1.

Renormalization Map for Generating Functions

The generating function has a recursive structure. To see this, we
introduce the set of variables &= (il,,, 4., #5,) and define the mapping
(independent of n)

U=F@) (4.8)
by putting
UX’ = ) @ (4.9)
we X, 1)
U=(U,,0,4,.. Us) (4.10)

Note that (3.12) and (3.13) imply

1I

w1 1= F(1,1) (4.11)
Then the set of generating functions is written as
@, y(u)= I F¥~"(ITu) (4.12)

and hence is decomposed into the product of the mappings

U=M;} F(IT,u) (4.13)
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Reduction of Variables
The following lemma is easily shown.

Lemma 4.1. If the variable i satisfy the “consistency conditions”

fy=d,, dp=iy, =4 (4.14)
ﬁA,,ﬁBq=aBsﬁA,,9 aA.‘ﬁB‘,:ﬁByﬁAq’ ﬁA,,ﬁCr:anﬁA, (415)
iy i, =iy, i i=ipi, iy =icir (4.16)

L4, 5, Ly, = 014, 0, 5, (4.17)

then, U= F(#) also satisfy the same relations:

U,=0,. Up=0,, U,=0, (4.18)
U0,0,,=050,, U0,0,=0,0,, U,U0,=0,0, (419)
UAp (76‘_‘. = Uc,, UA,,? (71)‘, (74,, = (71),, f]A,,’ [7@ (7F,, = Ucp (75',. (4.20)

0,0,0,=0,0.0,, (4.21)

In order to sudy the total number of steps of random walks, it suffices to
analyze the function /7,”'F¥~"(ITyu) only for u, =u,, = --- =uy,_ In this
case, #i=IT,u satisfies the consistency conditions (4.14)—(4.17), since
#i=1II,1 satisfies (4.14)-(4.17). Then, as a result of the Lemma 4.1, we can
reduce the 18 kinds of variables to 8 kinds. Our choice is the following:

Z1=Uy,, 2 =Uy, Z3=Uy,, Z4=Up, Zs = U,

Zeg=Uy,Up, =Up Uy, Z7=Ug,, Zg=Up,
Namely, using the mapping

Arur—{u,, U gy Uy U U, Uy Up, U, Ur) (4.22)
we put

z=Au (4.23)
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Note that under the consistency conditions in Lemma 4.1 the mapping A
can be inverted. Define the matrix

D =dia < ! Mo & 1 !
O 0 2 M+ G 2+ O N 24 0 L+ 20,
156 1 1 )
s , 4.24
Ctmt o)+ T+8, T+, (424)

Since
D, A=All, (4.25)

the relation (4.13) is written as

Z=D; ' F(D,z) (4.26)
where
F=AoFoA™! (4.27)
Z=A4U (4.28)
As a result, we have
D, (u)=A"'D7'FN (D yAu) (4.29)

Analysis of the Renormalization Map

The analysis of the generating function @, y reduces to that of the
renormalization map F. The following proposition is the technical core of
our work.

Proposition 4.2. The function F= A0 FoA~! has the expression
F(D,1+t)=D, 1+ A4,t+R(t), neZ,, |tf<C,07" (430)

where 4, is an 8 x 8 matrix independent of # and R,, is a C8-valued function
with the following properties:

(1) The function R, is analytic on {7 | ||t < Cgd "} with the bound
RIS Coo" 21>, [t <Cyy6™", nel, (4.31)

for some positive constants C, and C,, independent of N and ¢;
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(2) There exists a matrix A4 such that
l4—4,)<C,é™" (4.32)

where C,, is a constant independent of »;
(3) The matrix A has eigenvalues

(a+1)2bc+b+c)
bc+b+c

(a+ 1 a+b+c),

(a+1)(b+c) b+c
bc+b+c ‘bc+b+c

a+l,a+l,a+1,a+1,

The eight eigenvalues of A satisfy

(a+ 1)2bc+b+c)
bc+b+c

(a+1¥a+b+c)>

>a+l=a+1=a+1=a+1

(a+1)b+¢) b+c
bc+b+c bc+b+c

In particular, the largest eigenvalue /=(a+ 1} (a+b+c) of A is simple.
The eigenvalue

_(a+1)b+c)
" bct+b+c

appeared in Proposition 3.2.

Sketch of Proofs of Proposition 2.1 and Proposition 4.2

Proposition 2.1 is the result of the explicit calculation of the right hand
side of (4.11). The proof of Proposition 42 needs the first order Taylor
expansion of the left hand side of (4.30) with the remainder estimate. In
fact the complete proof of Proposition 4.2 is very long. As mentioned in the
Introduction, the algebraic part of the proof is computer-aided. The output
of computer amounts to about 9x 10° Bytes. Then, it would not be
worthwhile to describe the detail of the calculations but it is resonable to
clatify the logical structure of our procedure so that a reader in principle
can reproduce our calculations in a straightforward (long) way.
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Fig. 5. The “interior” of a block of H,. We number the six vertices adjacent to “boundary

points” of the block as above.

We consider the “interior” of a block of H, and number the six ver-
tices adjacent to “boundary points” of the block as Fig. 5. Let 2, i, j=
1,2,.., 6, be the set of all walks in the interior of the block starting at / and
ending at j without reaching any one of the six vertices except for the start

and the end. We define the matrix 7= T(#) = (T;) by

Ty= Y #@, 5j=12.,6

we 'Q'J

In particular, we have
T23=ﬁAq> T32=iqu, etC.

It is also an easy exercise to show the following:

A —p _
T11=—W+1—Mun,,
A —p L
Too= = o e T 1=,

A—u e s vae
T'y=Ts= _}.—"'1———#"__‘ (4, + B4, lip )"~

where A and y are the roots of the quadratic equation

X2 — (1 =ity fip, — B p,) % + (i 4, + 4, fip)> =0

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)
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If A=pu+0, the fractions should be evaluated after reductions. The other
elements of the matrix 7" are given similarly. Put

W=(I—T)"! (4.39)

Then W, gives the sum of #“ over the set of all walks starting at i and
ending at j, if the sum converges.

Let us describe the program to calculate F defined by (4.8). As an
example, we consider U 4, in the right hand side of (4.10). Connecting two
blocks as Fig. 4, we obtain

~ I N . _ _ -
Uy,= 9. (4 (Wagtig, + Wastlc,) + 84 (Wi, + Wisiic,)) (4.40)
4

where
0,=1- ﬁA,,( Was ﬁBs + W, ﬁAS) - ﬁA‘,( Wes ﬁq, + We ﬁA,.)
— 8 (Wostig,+ Wil 1) — 4 WlGﬁCq + Whil,,)

The other components of = F(ii) are given similarly.

Proof of Proposition 2.1. For ii=1I,1, the Eq. (4.38) has a double
root A=p=i, +ii, dp, Noting this fact, we explicitly calculate F(/7,1)
and obtain (4.11). |

Proof of Proposition 4.2. The first term of the right hand side of
(4.30) is obtain from (4.27), (4.25) and (4.11) as follows:

F(D,T)=AcFod YD, 1)=A-F1,1)=aA(Il,_\1)=D, _,1

In order to obtain the second term, ie., the derivative of F at = IT,1, we
used REDUCE program on computer. In view of the explicit form of 4,
produced by REDUCE, we can show the statements on the matrices 4,
and A. The bound on the third term is obtained by looking into the
remainder term produced at each step on the way from i to U described
above. |

Convergence of the Diffusion Process

In order to show the convergence of the sequence of random walks on
H, considered above in the limit of N — co, we study the asymptotic
behavior of the generating function @, 5 or equivalently that of FV " (see
(4.29)) as N — oo with a fixed n. To this end, we put

S N(s) = F¥ Dy expl~1VDy'5)) (441)
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Theorem 4.3. There exist positive constants ¢ and C;, such that,
for every neZ . :

(1) The function f"(s), N = n, is analytic on |s|| <¢&/”d " and con-
verges uniformly to an analytic function f(s) on [|s|| <e&l"d ~" as
N> w0,

(2) The function f(s) has the expression
fs)=D,T—1""B,s +r"(s), Is|| <el"d—" (4.42)

with the bound

r () < €871 |52, s <el"o ™" (443)
where
B,= lim [I™/V*"4, (A, , --Ay (4.44)
N— o

Proof. Since the largest eigenvalue / of 4 in Proposition 4.2 is simple,
the function F=AeFoA~"is ({D,, I})-regular. [ For the terminology, see
ref. 10.] Then we can apply Theorem 2 in ref. 10 to our F and obtain the
theorem. ||

The above theorem claims that the time unit of random walks on H
should be scaled as [~ Under this scaling, the standard tightness
argument applies. The argument goes exactly parallel with that for the
Sierpinski gasket. [ See ref. 9 for detail. Theorem 4.3 above corresponds to
Proposition 2.4 in ref. 9.] Thus we arrive at Theorem 2.2.

Remark. 1In ref 5 it is proved, for a rather general situation, that
!{=NR. Here N (in our case) counts the number of blocks (triangles) in
a triangle of one scale, or in other words, N =2% where d, is the fractal
dimension. R; is the resistance exponent for the one dimensional chain (in
our case). (See also ref. 1 for the basic idea using “Einstein relations” to
obtain such formula.) In the present case of the abc-gasket, N=a+b+c
and R;=a+ 1, hence our formula is reproduced. (Other eigenvalues of A4
cannot be obtained by this method.)

The eigenvalue & is denoted by ' in ref. 5. In [ref 5, Assump-
tion4.3] it is assumed that R;f>1, which, in our notation, is />
{(a+b+c)d. On the other hand, the corresponding assumptions for our
method to work is embodied in the ({D,,/})-regularity assumed in
[ref. 10, Theorem 2]. In particular, the assumption on the scaling factors is
I> 4. (Other conditions of the ({D,, [})-regularity refer to other eigen-
values of 4 and to estimates on remainder terms of F.) Since a+b+¢>1,
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it seems that we have milder conditions than that of ref. 5. (One possible
explanation is that ref. 5 uses resistance metric which works nicely with the
Dirichlet form theories, which however does not correspond nicely with
Euclidean metric when the spectral dimension (or its appropriate analog
for the asymptotically one dimensional diffusions) is greater than 2.)

APPENDIX. CHOICE OF RANDOM WALK SEQUENCE FOR
THE MULTI-PARAMETER CASE

An important point in the choice of parameter sequences for the abc-
gaskets in Proposition 3.2 is that we are dealing with the multi-parameter
case. Namely, we are considering cases where random walks on a (finitely
ramified) pre-fractal is specified by a set of more than one-non-negative
parameters. In the case of the abc-gaskets, two parameters # and { are
introduced. Another example of the multi-parameter case is the snowflake
fractal.!” As regards the asymptotically one-dimensional (lower dimen-
sional) diffusions, such cases have not been considered for other fractals
than the abc-gaskets. We here propose a general strategy suggested by the
choice in Proposition 3.2, which may be applicable to other fractals. We
leave it as an open problem to find general conditions with which the
following idea may be applicable to construct asymptotically lower dimen-
sional diffusions on fractals.

Let r =1 be the number of parameters. Let Gy G, =G,< --- be a
sequence of vertices of pre-fractals, and assume that for each neZ, a
random walk Z, on G, is specified by the non-negative parameters
p=4(p®, p\",.., p'), chosen in such a way that for m<n, the
m-decimated random walk of Z, is Z,,. As in (2.5) and (2.6), there exists
an R’-valued rational function I'=4TI",, I',,..., I',) in r variables such that

p(n)=1"(p(n+1))’ neZ+ (Al)
Let p* =‘(pf,.., p*) be a fixed point of I" with non-negative elements:
r(p*)=p*  p¥=0, i=1,2,.,7r (A2)

Denote by J=J(p) an r-dimensional matrix whose (i, j) element J, ;
is given by J,(p)=(0I,/0p;)(p). Let 6 be that eigenvalue of J(p*) which
has the largest absolute value. Assume that J uniquely exists and is real
and positive. To construct an asymptotically lower dimensional diffusion
around p*, it is necessary that p* is an unstable fixed point of I', which
implies é > 1. Let ¢* be an eigenvector of J(p*) corresponding to the eigen-
value 9.
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An intuitive choice is p'" ~ p* + 5 "g*, but from technical point of
view, it is nicer to proceed in the following way. For each NeZ _, put
pNV = p* 1 5 Vg*, and define p'™", n=0, 1, 2,..., N, inductively by

p D =r(p™m), n=N,N—-1,.,1 (A3)
Assume that
I(p) = I(p)—p* — J(p*)(p—p*) (A4)
satisfies
IFAPI<CY (p,—p}) i=12.,r (A.5)
j=1

for some positive constant C independent of p. Let p’ =lim, _, , p'™",

neZ, . Then

prV=r(p™), C, 6 "qk<p™—pFr<C,d"q¥, i=1,2,.,r, neZ,
(A.6)

for some positive constants C, and C, independent of p. This provides a
generalized form of the Proposition 3.2.

General conditions on the fractals, for which this idea works, is left as
an open problem.
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